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Abstract. This report studies the crossing map of a generic polygonal knot
as first defined by Adams and Pahk in [6]. After giving the appropriate definitions, we describe the changes in the crossing map of a generic polygonal
knot caused by moving one of its vertices. The final section shows that the supercrossing number of a knot is invariant under non-degenerate linear maps of
R3 . The last section uses quadrisecants, straight lines that intersect the knot
in at least four points, to show that the supercrossing index of a non-trivial,
generic polygonal knot is at least six.

1. Definitions
1.1. Knots.
Definition 1. A knot is the homeomorphic image of S 1 embedded in R3 .
We can define equivalence classes on the set of knots by ignoring orientations
and claiming that two knots are equivalent if we can go from one into the other by
manipulating its strand without cutting it or allowing it to cross over itself in the
process. If one knot can be manipulated like this into another one, we say that the
knots are equivalent, and that there is an ambient isotopy between them.
Definition 2. An ambient isotopy is a continuous map H : R3 × [0, 1] → R3 ,
written Ht (a) or simply Ht for (a, t) ∈ R × [0, 1], such that H0 is the identity map
on R3 , H1 (R3 ) = R3 and each Ht is a homeomorphism.
Since each Ht is a homeomorphism, we are neither cutting the strand nor allowing
it to cross itself. In addition, the condition H1 (R3 ) = R3 makes sure that we carry
the entire space with us at all times. This definition is simply a formal statement
of what we would intuitively think of as knot equivalence, namely twisting and
bending a strand anyway we want without cutting it. Manipulating a knot in this
way, we can define its knot class.
Definition 3. Two knots are equivalent if there is an ambient isotopy of Ht of R3
such that H1 (K1 ) = K2 . If this is the case, we say that both knots are in the same
knot class.
These definitions provide two ways of thinking about knots. With some abuse
of notation, we think of a knot K both as a map K : S 1 → R3 and as the resulting
simple closed curve. The context of each claim and definition is clear enough for
us to avoid making any distinctions between the two.
Definition 4. A knot with a choice of orientation is called an oriented knot.
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Figure 1. These are three projections of the trivial knot.

Figure 2. These are three projections of trefoil knots. The right
hand side projection is one of the trefoil’s polygonal knot versions.
Knots can be embedded in R3 in very strange ways. There is a particularly
simple class of knots, which we define below.
Definition 5. A knot is polygonal if it is made of a finite number of straight lines,
which we call sticks or edges. A polygonal knot K is generic if no four of its vertices
are coplanar and no three of them are collinear.
Definition 6. A knot is called tame if it is equivalent to a polygonal knot.
Let projv be the projection of R3 onto a plane perpendicular to the vector v ∈ R3 .
In most cases, projv (K) is not a simple curve on the plane. To recover the knot from
this curve, we assign a height function to each piece of the projection that makes up
each crossing. Measuring distance along the perpendicular to the plane on which
we projected, we use this function to indicate how the strands lie above or below
each other. Classically, we show breaks in bottom arc of each crossing. Figure 1
and Figure 2 show several projections of the unknot and trefoil knot respectively,
including a polygonal their knot classes.
Definition 7. The resulting diagram is called a projection of the knot.
A knot is trivial if it is equivalent to a planar round circle. Adams shows in [1]
that if a knot is non-trivial, any projection will intersect itself at least three times.
Unless stated otherwise, all knots in this report are assumed to be polygonal.
Identifying the overstrands at each crossing is not always straightforward. For
instance, the left side images in Figure 3 and Figure 4 show projections that make
it difficult to determine how strands lie above or below each other.
Definition 8. A projection of a knot is regular provided no three points in the
knot are mapped to the same point on the plane and no two edges of the knot are
mapped onto one another.
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Figure 3. The projection to the left shows three different strands
that intersect at a single point. This is not allowed in regular
projections. A small perturbation produces the projection to the
right.

Figure 4. The projection to the left shows edges that project onto
each other. A small perturbation produces the diagram to the
right.
In other words, crossings in regular projections result from a pair of transversely
intersecting curves on the plane. Burde shows in [3] that small perturbations of the
direction of projection correct irregular projections.
Irregular projections help understand the supercrossing number of a knot, which
is defined below. For instance, Adams et al. ([2]) use the crossing map, a representation in S 2 of the set of irregular projections of a knot, to understand the
supercrossing number. The next pages present the relevant definitions and describe
the changes in the crossing map induced by certain homotopies of the knot.
Definition 9 ([2], Definition 1.4). Let K be a polygonal knot and [K] be its knot
class. For each vector v ∈ R3 for which projv (K) is regular, let cv (K) be the
number of crossings in projv (K). The supercrossing number of K is defined by
scr(K) = max(cv (K)).
v

The supercrossing index of K is the minimum value of scr(K) over all possible
deformations of K. In other words,
scr[K] = min max(cv (K)).
K∈[K]

v
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Adams et al. show in [2] that the supercrossing index of a trefoil knot made
of six sticks is either six or seven. The proof involves showing that generic sixstick trefoil has a direction from which there are seven crossings in the projection.
This report builds on some of the techniques used in [2], focusing primarily on the
properties of the crossing map and the changes it goes through when the original
knot is deformed. It is important to note that, unless otherwise stated, every claim
in this report refers only to generic polygonal knots.
Section 2 defines and studies the crossing map of polygonal knots. It ends after
describing the effects of shrinking regions of the crossing map of a six-stick trefoil.
This work is inspired by the ideas in [2]. Section 3 is concerned with the supercrossing number of a knot. We show that for any invertible linear map T of R3 and any
polygonal knot K, the supercrossing numbers of K and T (K) are equal. The final
pages of Section 3 study the minimum number of crossings in a knot projection
using the work on quadrisecants done by Denne in [4]. The final claims rely on the
listing of possible resolutions near a quadrisecant obtained by Jin in [5].
2. The Crossing Map
Definition 10 ([2], Definition 3.1). Let K be a polygonal knot. Let W be the
set of vectors w for which projw (K) is irregular. For each vector v ∈ S 2 such that
projv (K) is regular, let [v] be the set of vectors w ∈ S 2 such that there is a path
p(t) : [0, 1] → S 2 satisfying the following conditions.
• p(0) = v and p(1) = w,
• cp(t) (K) = cv (K) for all t ∈ [0, 1], and
• for each t, the projection projc(t) (K) is regular .
S
The crossing map of K is the partition W {∪[v]} of S 2 .
Remark 1. By definition, the crossing map is a partition of S 2 into a set of regions
(see Figure 5). Any two vectors in one of these regions define projections with the
same number of crossings. The boundaries of these regions correspond to directions
that generate irregular projections.
The curve projv (K) is the same as proj−v (K). This grants a definition of the
crossing map on RP2 . Since it is easier to visualize the partition in S 2 , we refrain from making antipodal identifications. All illustrations of the crossing map,
including those generated by Jtantrix1, correspond to its definition in S 2 .
The next step in understanding the crossing map is to understand the structure
of the set W of vectors that give irregular projections. This leads to a classification
of types of curves in the crossing map of polygonal knots introduced by Adams and
Pahk.
2.1. I-curves. I-curves show the directions from which small perturbations induce
a Reidemeister I-move. In other words, they are the directions for which small
perturbations change the number of crossings by one. However, for reasons that
will become clear later, the most useful definition is in terms of Reidemeister Imoves rather than on the change in number of crossings. Informally speaking,
I-curves point out the direction from which we see a cusp in the knot projection.
See Figure 6.
1Jtantrix is a java applet developed by Peter Brinkmann. It generates the crossing map of
polygonal knots.
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Figure 5. The left hand side illustration shows the crossing map
of the trefoil knot to the right. These images were produced using
jTantrix.

Figure 6. A cusp (center diagram) results from two edges that
project onto each other. A small perturbation resolves it by inducing a Reidemeister I-move. Points on the I-curve indicate directions
from which the knot projection has a cusp.
The notion needed to define I-curves is similar to the definition of tangent vectors.
Tangency is not well-defined at the vertices of a polygonal knot. Nevertheless, we
use the term tangent vectors in the following sense: Let K be an oriented polygonal
knot that contains consecutive vertices a, b and c. Let P be the plane that contains
triangle abc, and Pc be the set of all points in P that lie on the side of lab that
contains c. This is the light and dark gray areas in Figure 7. The line lbc divides Pc
in two half-planes. Let T (b) be the half-plane of Pc that does not contain triangle
(abc) (the dark area in Figure 7).
~ ∈ T (b)} is called the set of tangents of the oriented
Definition 11. The set {bp|p
knot K at b, and its elements are called tangent vectors. The set of tangents of K
is the union of the tangents at each vertex.
Remark 2. Note that the set of tangents of −K at b is the opposite region to the
one just defined. We obtain it by first dividing P using lbc instead of lac .
Definition 12 ([2], Definition 3.2). Let K be an oriented polygonal knot and let
i(K) be the set of unit tangent vectors of K seen as a subset of S 2 . The sets
i(K) ∪ i(−K) are called the I-curves of K.
Figure 8 shows the I-curve corresponding to the crossing map shown in Figure 5.
For polygonal knots, the I-curve is the union of two closed curves on S 2 , one
corresponding to each orientation of K.
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Figure 7. This diagram helps define the tangents of an oriented
knot K at vertex b. The first step is to divide the plane using lab .
Then the half containing c, called Pc , is divided by lbc into two
regions. The darker region, namely the one that doesn’t contain
triangle abc, is key to define the tangents of K at b. The set of
~ where p is any point
tangents is the set of vectors of the form bp,
in the dark grey region.

Figure 8. The left hand side shows the I-curve of the trefoil knot
shown to the right. Produced with jTantrix.
Throughout this report, every claim about I-curves refers to i(K). The same
results are true for i(−K). To simplify the notation notation in the diagrams, let
(ab) be the point in the crossing map corresponding to the view from vertex a to
vertex b. If a and b are consecutive vertices, let ab be the edge that they bound.
Remark 3. Consider a knot K that contains vertices p, q, r, s, t as shown in the
top left of Figure 9. We assume that K does not intersect the interior of triangle
qpr. Let p0 be any point in the interior of pq, and let K 0 be the knot constructed
from K by replacing qpr with qp0 r. See the top middle diagram in Figure 9. We
describe the differences between the I-curves of K and K 0 .
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Figure 9. The top left side of this diagram is a portion of a knot
K. The diagram below it shows the section of the I-curve that
corresponds to it. The middle diagram shows a new point p0 ∈ pq
and the change in the I-curve when pqr is replaced with p0 qr. The
rightmost picture shows the limiting case when p0 = q.
Since ∠pp0 r is an exterior angle of triangle p0 qr, it decreases as p0 approaches
q. Furthermore, since p0 is in pq, the points (qp) and (qp0 ) on S 2 are equal. This
shows that the I-curve for each position of p0 is completely determined by (p0 r).
Note that (p0 r) lies on the great circle arc joining (qp) to (pr), so the new crossing
map is constructed by joining the points with great circle arcs as in Figure 9. As p0
approaches qr along pq, the I-curve in Figure 9 consists of three great circle arcs.
One of these arcs collapses into a point when p0 = q, leaving only two great circle
arcs. See the top right diagram in Figure 9.
Remark 4. This remark deals with a more general case than the previous one.
Consider a knot K that contains vertices p, q, r, s, t as in the top left diagram
of Figure 10. Let p0 be a point in the interior of triangle pqr and K 0 the knot
constructed from K by replacing pqr with p0 qr. See the top middle diagram of
Figure 10. Again, we describe how the I-curve of K and K 0 are different from each
other.
By construction, p0 is in the same plane as p, q and r. Since the exterior angle
of pqr at p is less than the exterior angle of p0 qr at p0 , in the I-curve of K 0 at p0 is
a subarc of the one in the I-curve for K at p. This gives us enough information to
describe the new crossing map.
As p0 tends to qr, the remarks in the last paragraph show that the poinst (qp)
and (pr) on S 2 get closer to each other following the great circle arc that joins
them. Hence, to construct the new crossing map, we only need to find their new
positions and join them with great circle arcs. These two points will get closer to
each other until they meet at the point (qr).
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Figure 10. The top left side of this diagram is a portion of a
knot K. The diagram below it shows the section of the I-curve
that corresponds to it. The middle diagram shows a new point p0 .
This time, p0 is chosen in the interior of triangle pqr. Again, the
rightmost picture shows the limiting case. This is when p0 ∈ qr.
2.2. II-curves. II-curves separate regions in the crossing map that are two apart
in crossing number. However, since the same would happen at the intersection of
two I-curves, we are in need of a definition of II-curves that relies on Reidemeister
II-moves instead of the change in crossing number. Adams et al. solve this problem
by posing the next definition.
Definition 13 ([2], Definition 3.3). Let vi be a vertex of a polygonal knot K. The
edges vi vi+1 and vi−1 vi are called adjacent to vi , whereas vi+1 vi+2 and vi−1 vi are
called neighboring to vi .
Definition 14. Let vj vj+1 be a non-adjacent, non-neighboring edge to vi . Assume
that the plane determined by vi , vj and vj+1 is disjoint from the line segment
vi−1 vi+1 . The set of unit vectors in S 2 corresponding to the vectors that start at
vi and end at a point in vj vj+1 is called a II-curve segment. The II-curve of a knot
K is the union of all its II-curve segments.
It follows that a II-curve segment is determined by a pair (vi |vj vj+1 ) consisting
of a vertex and an edge of the knot. See Figure 11. A II-curve defined by one
of these pairs is called a II-segment. All vectors of a II-segment are coplanar by
construction. It follows that each of these segments is a great circle arc on S 2 . See
Figure 12.
We say that a II-segment may be extended if there is a another II-segment sharing
at least one endpoint with it. A II-segment (vi |vj vj+1 ) can be extended if vi defines
a II-segment with one of the adjacent edges to vj vj+1 , or if either vj or vj+1 defines
a II-segment with an edge adjacent to vi .
Some II-segments may not be extended. An interval II-curve is a portion of a
II-curve that is homeomorphic to an interval and may not be extended past either
of its endpoints. Adams et al. show in [2] that the endpoints of an interval II-curve
necessarily lie on a I-curve.
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Figure 11. The left hand side drawing shows an arrangement
of edges for which (vi |vj vj+1 ) is well-defined. Note how a small
change of direction induces a Reidemeister II-move. On the other
hand, the right hand side drawing shows an arragment of sticks
for which the II-segment is not defined. Note how no change of
direction will induce a Reidemeister II-move in this portion of the
knot.

Figure 12. The diagram on the left shows the II-curve of the
six-stick trefoil to the right. It was generated using jTantrix.

Remark 5. Consider a knot K that contains vertices p, q, r and a, b, c as shown in
the top left diagram of Figure 13. Consider a point a0 in triangle abc, and let K 0
be the knot constructed from K by replacing triangle abc with a0 bc as the middle
diagram in the same figure shows. Note that if either ab or ac intersects triangle
pqr, neither (p|ab nor (p|ac) defines a II-curve. Assume that neither edge intersects
triangle pqr.
It follows that as a0 approaches segment bc within the interior of triangle abc, the
point (pa) approaches the great circle arc that joins (pb) and (pc). The rightmost
picture in Figure 13 shows the II-segments when a has reached edge pc. Note that
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Figure 13. This figure shows three stages in the transformation
of the II-curve and the corresponding changes in the knot that
induced them. The left diagram corresponds to a portion of a
knot K that contains vertices a, b, c and p, q, r. The middle diagram
shows the a portion of the knot K 0 constructed from K by replacing
triangle abc with triangle a0 bc. It also shows the corresponding
change in crossing map. The rightmost diagram shows the limiting
case, namely when a0 inbc.
the intersection of any other stick of K with triangle pqr does not affect the changes
in (p|ab) or (p|ac).
Remark 6. Consider a knot K that contains vertices a, b, c, d, e and p, q, r as shown
in the top left diagram in Figure 14. Assume that ab goes through triangle pqr and
that (p|eb), (p|ac) and (p|cd) are well-defined II-segments. Pick a point a0 in triangle
abc such that (p|a0 b) is a II-segment. Futhermore, assume that a0 is on edge ac.
Small perturbations of a0 up and down ac result in the changes in the II-curve described above. The advantage of having a0 ∈ ac is that, in this case, the II-segment
(p|a0 c) is a subarc of (p|ac) starting at point (pc) in S 2 . As a0 approaches a, there
is a point at which (p|a0 b) is not defined anymore. It follows that as a0 approaches
a, the II-segment (p|a0 b) is defined until a0 b enters triangle pqr. Figure 14 shows
this change in crossing map. It results in the disappearance of a II-curve segment.
There is an alternative definition for a II-curve that simplifies the visualization
of these phenomena. Consider a knot K and three consecutive vertices a, b and c.
Let P be a plane that contains these vertices. The lines lab and lbc (containing ab
and bc respectively) divide P into four different regions. See Figure 15. The white
white portion W (b) of P consists of the union of the region triangle abc and the one
opposite to this.

CROSSING MAP AND SUPERCROSSING NUMBER

q

q

e

e

a’
b

c

d

p

b

c

d

(pe)

(pe)

(pc)

a
r

r

p

11

(pb)
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Figure 14. The left side of this picture shows a modification of
the setup in Figure 13. The II-segment (p|ab) is not defined in
this case. However, the choice of a0 to the right makes a II-curve
appear in the crossing map.

e
a

b
c
P

f
Figure 15. This diagram shows an alternative definition for a IIcurve segment. Vertices a, b and c are contained in some plane P.
The lines containing edges ab and ac divide P into four different
regions. An edge ef will define a II-segment (p|ef ) if the line lef
that contains it intersects P in one of the grey regions. In this case,
(p, ef ) is not a II-segment since lef intersects the white region.
Definition 15. Let e and f be two consecutive vertices of K, and lef be the
straight line that contains them. We say that (b|ef ) defines a II-curve segment if
W (b) ∩ lef = ∅.
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Figure 16. This perturbation of the knot induces a self-crossing
without changing the knot type. Unfortunately, the crossing map
does not distinguish this type of self-crossing with one that does
change the knot type.

Our previous discussion shows that this definition is equivalent to Definition 13.
By focusing on lef rather than on the edge itself, this formulation simplifies the
question of whether II-curves detect a strand crossing caused by a homotopy of the
knot. Unfortunately, the answer is that they don’t. Indeed, we may always perturb
e or f so that lef does not intersect W (b).

Remark 7. The crossing map does not necessarily detect when there are strand
passages. For instance, we could move vertex f in Figure 15 so that lef switches
from the grey regions to the white ones. This would cause the appearance of a
II-segment without having a self-crossing along the way. Furthermore, Figure 16
shows a perturbation of a portion of a knot that would induce a self-crossing without
significantly changing the I-curve.
However, certain changes in the crossing map of the six stick trefoil do lead
to strand passages. This idea was first introduced by Pahk in [6], and was the
motivating thought behind this project. He claims that shrinking certain regions
in the crossing map of a six-stick trefoil may lead to a self-crossing. In turn, he
claims, this would turn the trefoil knot into an unknot.
Pahk proposes to shrink the shaded region on the left side of Figure 17 into a
point. However, the II-segments shown are easily turned into a single II-segment
by moving vertices a and b until (a|de) and (f |bc) define overlapping II-segments.
Since we may do this without changing the knot type, any self-crossing must be
induced from the corresponding change in the I-curve.
Orient the knot so that the vertices are followed in alphabetical order. The Icurves that bound the shaded region correspond to the tangents at a and f . In
this particular embedding, the changes on the right hand side of Figure 17 may be
attained by moving vertex e (always within triangle def ) towards the plane P that
contains triangle abc. Vertex e should stop moving once it reaches P.
Vertex e must reach P and fall into one of the shaded regions shown in Figure 18.
Clearly, if e ends up in the darker region (bounded by lbf , lf a and edge ab), the
knot will have a self-crossing between edges ef and ab. Otherwise, the resulting
knot will surely be trivial. This may be done for any six-stick knot constructed by
Pahk’s method in [6]. We conclude that the shrinking proposed by Pahk in [6] does
indeed change the knot type.
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Figure 17. The solid black lines are portions of the I-curve and
the dotted ones are portions of the II-curve. The grey area bounded
by these curves is a region from which we see seven crossings. Pahk
([6]) conjectures that shrinking the grey region into a point may
result in a self-crossing of the six-stick trefoil.

3. The Supercrossing Number
Our first result shows the invariance of the supercrossing number under isomorphisms of R3 .
Lemma 1. Let T : R3 → R3 be an isomorphism. Then scr(K) = scr(T (K)) for
every tame knot K.
Proof. Let v be a vector such that projv (K) has n = scr(K) crossings. Let c1 . . . cn
be the n points that correspond to crossings in projv (K). Since each ci corresponds
to a crossing of the projection, there is a line li that is perpendicular to P at ci and
intersects the knot K in whatever strands project onto the segments that define ci .
Since T is injective, it follows that the lines T (l1 ), . . . , T (ln ) are all distinct and parallel. We conclude that the projection of T (K) onto a plane P 0 perpendicular to the
T (li ) gives us a diagram of T (K) with at least n crossings, so that scr(T (K)) ≥ n.
Applying the same algorithm using T −1 and T (K), we find that scr(K) ≥ scr(T (K)).
Putting these inequalities together shows that scr(T (K)) = n, and we conclude the
proof.

3.1. Quadrisecants.
Definition 16. A quadrisecant is a straight line that intersects a tame knot K in
at least four points.
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Figure 18. Bringing the I-curves in Figure 17 towards each other
does result in a self-crossing. Whether the self-crossing happens in
the middle or end of the deformation can be determined by looking
at the final position of e. If e ends in the darker region of P, the
self-crossing happens at the end. Otherwise, it happens at some
point during the deformation.
Jin shows in [5] that there are eighteen possible views near the direction of a
quadrisecant. Fortunately, generic polygonal knots admit only one of these diagrams. The next proposition, shown for instance in [4] will be crucial to see this.
Proposition 1. Let K be a generic polygonal knot. Then a line that intersects
K in two non-consecutive vertices does not intersect K again. Furthermore, a line
that intersects K in two consecutive vertices only intersects K in the edge common
to both vertices.
Proof. Assume that a line l intersects vertices ei and ei+1 . Since K is generic, this
line does not contain any other vertex of the knot. Furthermore, if it intersects
some other edge ej ej+1 , then the points ei , ei+1 , ej and ej+1 are all coplanar. This
contradicts the genericity of K.
The second part of the proof is similar. Indeed, if a line l intersects two nonconsecutive vertices ei and ek and passes through an edge bounded by ej and ej+1 ,
then all four vertices are coplanar.

Lemma 2. Let K be a generic polygonal knot. Then there is a vector v such that
projv (K) has at least six crossings.
Proof. Jin shows in [5] that there are eighteen different possible types of views
near the direction of a quadrisecant. Figure 19 shows the stick knot versions for
his eighteen resolutions. By Proposition 1, we may eliminate types 1-6 since they
would imply that there are three points of K on a line that contains two of its
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Figure 19. These eighteen diagrams are the stick versions of the
possible resolutions near a quadrisecant found by Jin and his colleagues in [5]. We rule most of them out for generic knots by determining the positions of each edge from the diagrams. The dotted
lines in cases 7-15 represent a pair of parallel edges. Generic polygonal knots may not have parallel edges, so this is enough reason to
diregard these cases.

Figure 20. The diagram to the left shows a view down a quadrisecant. The image to the right shows how a small change of direction
generates six crossings.

vertices. Cases 7-15 are all impossible because they contradict genericity by having
a pair of parallel edges (shown in dotted lines). We are left only with case 18, which
clearly yields 6 crossings. See Figure 20.
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